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Asymmetrical Buckling of Spherical

Caps under Uniform Pressure

GayLEN A. THURSTON*
Martin-Marietta Company, Denver, Colo.

Nomenclature

radius of curvature of shell

Young's modulus

height of shell center above plane through the edge

normal displacement of shell midsurface

circumferential average stress

shell thickness

number of circumferential waves in buckling mode

Poisson’s ratio

geometrical parameter = 2[3(1 — »2)]V4 H /h)V?

uniform normal pressure

buckling pressure

classical buckling pressure of complete spherical shell =
2 Eh?/a?[3(1 — »2)]V2

buckling pressure ratio = ¢e-/qo
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EVERAL investigators have explored the possibility that
accurate buckling loads for shells of revolution under
axisymmetric loads can be obtained by computing axisym-
metric equilibrium positions using nonlinear finite deflection
theory and then checking these equilibrium states for points

Table 1 Calculated buckling pressures p

A n This note Huang?
2 0.777 0.775
3 0.814 0.827
1 0.943 0.919
8 4 0.756 0.766
3 0.778 0.774
2 0.886 0.893
12 7 0.789 0.780
8 0.794 . 0.790
6 0.804 0.798
16 10 0.789 0.792
12 0.803 0.800
11 0.810 0.790
20 15 0.806 -
16 0.806
17 0.826
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Fig. 1 Stability curves compared with Parmerter’s
experimental results.

of bifurcation into asymmetric buckling modes that differ
from the prebuckled modes by infinitesimal amounts. The
buckling criterion is the same as in classical bifurcation theory,
but the assumption of the linearized theory that the pre-
buckled state of stress can be represented by membrane
theory has been discarded. Stein’ has used this approach
to compute the effect of simply supported edges on the stress
distribution and buckling loads of cylinders under axial com-
pression and uniform pressure. Huang,? Weinitschke,™ and
Parmerter and Fung'ehave studied the asymmetric buckling of
clamped shallow spherical shells under uniform pressure.

This note presents buckling pressures for spherical caps ob-
tained from a digital computer programs? that is based on the
same type of analysis as the forementioned references but is
applicable to general shells of revolution. The program com-
putes buckling stresses due to external pressure, axial load,
torsion and axisymmetric temperature gradients, or combi-
nations of these. It can also compute natural frequencies of
free vibration of shells under all of these loads except torsion.

This solution is restricted to thin isotropic shells of revolu-
tion. The thickness and Young’s modulus of the shell can
vary continuously in the meridional direction, but not in the
circumferential direction. The boundary conditions can be
any linear combination of stress resultants and deflections.

The buckling pressures for clamped spherical caps reported
by Huang do not agree with those of Weinitschke. Parmer-
tert has obtained results for a limited range of A that agree
with Huang’s results. Table 1 lists buckling pressures from
the present computer program and corresponding data from
Huang’s report.’ Huang’s results are from shallow-shell
theory, whereas the pressures in this note are from a more
general theory with a semiapex angle of the shell of 11.5°;
both sets of calculations used » = 4. The results of the two
theories show good agreement.

Figure 1 shows the envelope of Huang’s buckling pressures
plotted as a function of A along with some recent experi-
mental results reported by Parmerter and the curve for axi-
symmetric snap buckling obtained by Budiansky® and by
Weinitschke.”

Parmerter’s experimental pressures are for near perfect
shells and some are actually higher than the theoretical curve
for bifurcation buckling, although they lie below the theo-
retical curve for snap buckling. A tentative explanation could
be that the asymmetric post-buckling equilibrium states are
stable at pressures near the bifurcation point. For large
values of \, the axisymmetric hoop stress and the asymmetric
normal deflection mode shape attain their maximum values
near the clamped boundaryt (see Fig. 2). It is possible that
the clamped spherical cap can wrinkle near the edge in a
manner analogous to that of rectangular plates in compression.
A confirmation of this assumption would require actual asym-
metrie solutions of the finite deflection equations for spherical

1 Huang® derives an asymptotic solution for the boundary-
layer effect on the mode shape.
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Fig. 2 Boundary-layer effect in circumferential average
stress and asymmetric buckling mode.

caps rather than merely showing their existence at bifurca-~
tion pressures.
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Equivalence of Nenequilibrium
Flows behind Normal and Oblique
Shock Waves

Caong-WE1 Cau*
Northrop Norair, Hawthorne, Calif.

DISSOCIATING flow behind a plane oblique shock wave
was investigated by Epstein! and has recently been
elaborated by Hsu and Anderson? using a different approach
proposed by Sedney.® In both cases numerical integrations
are required for each shock-wave angle and each freestream
Mach number; the numerical computations in Ref. 2 are
comparatively involved. Thus far, an important, fundamen-
tal aspect of nonequilibrium flow seems to have been over-
looked, namely, that just as in the classical case of equilib-
rium flow, nonequilibrium flow behind an oblique shock wave
with curved streamlines and apparently very nonuniform flow
properties is equivalent to a nonequilibrium flow behind a
normal shock wave. This note serves to point out this
equivalence.

To see the equivalence physically, one notes that all flow
properties are constant along lines parallel to an oblique shock
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wave! and that the velocity component » parallel to the
oblique shock wave remains constant throughout the flow
field because of the absence of pressure gradient in the direc-
tion parallel to the shock wave. Hence, to an observer mov-
ing with the speed v along the shock front (Fig. 1), the entire
flow field is identical to the flow field in the case of a normal
shock wave. To verify this equivalence mathematically,
one merely writes the fundamental differential equations in
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Fig. 2 Streamlines behind an oblique shock wave (4, =
80°).

rectangular coordinates with the y axis parallel to the oblique
shock wave, keeping in mind that all flow variables are inde-
pendent of y. The resulting equations are identical to those
for normal shock waves. Incidentally, Epstein would have
reached the same conclusion had he adopted the shock-
oriented coordinates.

Recognizing this equivalence, one can easily construct
solutions for oblique shock waves, given a normal-shock solu-
tion. Such plane oblique shock waves with nonequilibrium
flow behind them may be considered as being supported by a
properly shaped cusped body,? or they may be considered as
asymptotes to shock waves generated by some two-dimen-
sional bodies, e.g., the wedge.®? The streamlines (or the shape
of the cusped body) can be found through a simple integra-
tion; they are necessarily curved since the tangential velocity
component remains constant while the normal velocity com-
ponent varies with the distance normal to the shock wave.
A typical streamline constructed by the isocline method is
presented in Fig. 2, based on a normal shock solution by
Freeman* (curve C of Fig. 2a in Ref. 4).

It ought to be noted that this equivalence applies to all
nonequilibrium flows, be they dissociating, vibrationally re-
laxing, or chemically reacting.
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